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DAMPING ON THE LONGITUDINAL RESFONSE OF A TRANSONIC

~MBER CONFIGURATION IN I!GIGHTTlI130UGH

CONTINUOU3 TURBULENCE

By T. F. B&gland, Jr.

SUMARY-

A theoretical investigation has been made of the effects of auxiliary
pitch-rate damping on the longituMnal response of a transonic bomber
configuration in low-altitude flight through continuous rough air. The
methods of generalized harmonic analysis are utilized @ obta- the
statistical character of the airframe responses to a random gust velocity
input. The results of this investigation indicate that, for the airframe
and speed range considered, reductions in root-mean-square normal accel-
eration of about 24 percent and reductions in root-mean-square pitch
angle of about 74 percent are possible through the use of auxiliary pitch-
rate damp%.

INTRODUCTION

The results of a theoretical investigation presented in reference 1
and of an experimental investigation presented in reference 2 indicate
that the longitudinal short-period damping exerts considerable influence
upon the normal accelerations experiencedby aircraft in flight through
continuous turbulence. The aforementioned accelerations have, of course,
a adverse effect upon the “kill” probability of missiles and the bombing
accuracy of bombers flying at low altitudes where turbulence is most
severe.

A simple means of artificially increasing the stirt-period damping
is to provide, through the action of a rate wo, a control-surface deflec-
tion
This
ical

f& the &frsJ& proportional to the’&&&e pitching velocity.
is, of course a conventional procedure. A description of the mechan-
aspects of such a control system may be found in reference 3.

-
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The purpose of the present investigation is to analyze the effec-
tiveness of such auxilisz’ydamping h pitch provided by means of a rate-
gyro-servo-control cofiination in reducing the normal accelerations
experienced by a swept-wing bomber configuration in sea-level flight .

through continuous turbulence at transonic speeds. Psrticularattention
is given to the problem of the determination of the values of the rate-
gyro-servo static sensitivity necessary to effect the maximum reduction
of the normal accelerations experienced by the airframe under considera-
tion. For purposes of simplification of analysis, the wing of the air-
frsme was asswned to be rigid. Because of the random nature of the gust
velocities encountered in turbulent air, a statistical approach to the
-is WaS indi$ated. To this end, the technique of generalized harm-
onic analysis was utilized. A discussion of the application of this
technique to problems involving flight through continuous turbulence may
be found in reference 1. Results of this investigation for sea-level
flight at three Mach nunibersare presented as plots of spectra and root-
mean-squsre values of normal acceleration, pitch-attitude angle, and
control-surface deflection for both the airframe with auxiliary damping
and the d@?rsme alone.

M

z

v

%

‘R

SYMEOIS

Mach number

maximum normal acceleration experienced by airframe in
penetrating sharp-edge gust, g

chord-length penetration of shsrp-edge gust necesssry to
achieve normal acceleration

airfrsme forward velocity, ft~sec

mean aerodynamic chord, ft

static gain constant of transfer function, e~/5,

radians/radian

static gati constant of transfer function,
/

%0 lee,
g/radian

static gain constant of rate-gyro servo control,
deg/deg/sec
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a,b,c,d,fi

#

static gain constant of transfer function,
/

leO vd,

radians/ft/sec

static gati constant of trsmsfer function,

/
%0 v~,

g/ft/sec

“/static gain constant of transfer function %0 2E10,

g/radian

dynamic term of corresponding transfer functions

pitch-attitude angle; deg

control-surface deflection, deg

mormal.acceleration, g

dsW@W ratio of rate-~o servo control

undamped natural frequency of rate-gyro servo control,
radians/see

circular frequency, radians/see

Laplace transform variable

input gust velocity, ft/sec

modulus of frequency-response function

power-spectral density function

root-mean-square value of variabies

cticular frequency, @, radiansjft

power-spectral density of atmospheric turbulence,

(ft/sec)2/radians/ft

scale of tmbulence, ~

airframe transfer-function coefficients
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superscripts:

1,2,3 indices of outpti variable components

DESCRIPTION OF AIRFRME AND CONTROL SYSTEM

Description of Mx5?rsme

The &frame considered in the present investigation, shown in fig-
ure 1, is a hypothetical.bomber configuration typical of present-day
high-speed bombers. The atifrsme had wings and horizontal and vertical
tails with a quarter-chord sweepback of k70, a taper ratio of 0.2 snd an
aspect ratio of 3.5 for wings and horizontal taiti snd 1.5 for the”ver-
tical tail. The fuselage was assmed to have a length of 140 feet and
a fineness ratio of 14.35. The mass of the configuration was taken as
6,~0 slugs with the center of gravity on a line passing through 0.355,
where 5 = 28.72 feet. The total included area of the wing was
2,la square feet - -thetot~ elevator area was taken as %.16 squ.sre
feet. The static stabi~ty derivatives for tpis configuration used in
the present investigation are from _-tunnel tests of an aerodynamically
similar configuration. Dynsmic stability derivatives were derived on the .
basis of methods given in references 4 to 6.

Mrframe Transfer Functions

The airfrsme transfer functions relating normal acceleration and
pitch-attitude angle to control-surfacedefleotion as derived from the
two-degree-of-free- equations of motion by assuming small disturbances
from level flight (ref. 7), sre:

%0
~. “

— = KAGX =
6 s2+cs+d

(la)

%0 KA(= + b)
— = KAGA = (lb)
5 S(S2 + CS + d)

The transient response of the airframe to a l-foot-per-second shaxp-
edge gust, as given in reference 1, may be represented aE foUlows:

.

. . .—.._. ._. _ .
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No(t) = Ze
-x(p-t-v)

COS B(pt - V) (2a)

=Zdn= Os t< v/~ (2b)
2V .

where 2Xp = c and p2(X2 + #) = d. Values of Z and v are calculated
on the basis of material included in reference 8. Assumptions under which
equations (2a) and (2b) me valid are:

(1) The airframe can rise but not pitch prior to attainment of maxi-
mum NO which occurs at v chord lengths of gust penetration. This

assumption accounts for the presence of the exponential factor in equa-
tions (3).

(2) AU but a negligible part of the total lift increment is due
,. to the wing. .

(3) we atiframe is rigid.

(4) The airframe is in steady level flight at the instant of gust
entry.

(5) me Wt VdOCity is uniform across the wing spau and parallel
to the vertical stability axis of the aix’frame.

The foregoing approximation to No(t), although some pertinent factors

are neglected, is nonetheless believed to represent the salient char-
acteristics of the true No(t) response with sufficient accuracy for

the type of analysis utilized in this investigation. Che findings of
reference 2 afford a justification for this belief.

The airframe transfer functions relating pitch-attitude angle and
normal acceleration to gust-disturbance velocity are

.

~e.p
=

s2+cs+d
(3a)

— .——.— —- ——.—— —— .-—— ~.—-——— —— —-— ———-
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,-+(s+$)+.se-ng
(n)

1s2+cs+d 01

flpz82+ —
2V

Equation (3a) is derived from the two-degee-of-freedom equations of
motion (ref. 7). Equation (~) is the Laplace transform of the derivative
of equations (2). The airframe block
functions of this section is shown in

Rate-Gyro Servo and.

The block diagram of the control

diagrsm incorporating the transfer
figure 2(a).

Control System >

system under considerateion is shown
in figm?e 2(b). As may be seen from this figure, auxilisx’ydsmping of
the airframe short-periodmode is provided through the action of a gyro-

..

servo combination KR~ which is sensitive to pitching velocity. The

transfer function of the rate-gyro servo is assumed to be

KR~2s
=

S2 + 2ER~s -1-a#
(4)

Previous experience has demonstrated this form to be a good approxima-
tion to the dynamics of a physically realizable gyro-servo combination.
For the present investigation,the values of ~R and ~ sre taken

as 0.5 and n, respectively.

The closed-loop transfer functions
/NO ‘dJ

/ /
EIo Vd, smd b vd me

obtatied by application of conventional s=”m analy’sistechniques (ref. 9)
to the block diagram of figure 2(b). Rriefly,
sxe

these transfer functions

9
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(5a)

Throughout the ensuing analysis, the term “airframe” is to be con-
strued as referring to the system represented by the block diagram shown
in fi~e 2(a); whereas the words “control system” refer to the system
representedby the block diagram shown in figure 2(b).

Values of the coefficients for equations (1) to (~) for the range
of flight conditions considered in the present investigation sre pre-
sented in table 1.

ANALBE PKEE!DURE

Gen&alized Hsrmon3.cAnalysis

In view of the random natme of the gust velocities encountered in
continuous rough air; clearer insight into the nature of aticraft response
during flight through this medium can be obtained by application of sta-
tistical methods. The technique of generalized harmonic analysis is used
in the present investigation. A brief discussion of the technique fo120ws.

The very nature of a random, or stochastic, process precludes the
representation of its time history in closed form. Howemr, the member
functions of certain stochastic processes lmown as stationary random
processes maybe represented by a statistical quantity, the power-spectral
density 4(u) which, if the ergodic hypothesis is satisfied, is the same
for almost all functions of the process. The power-spectral density

——. ----- . ...— —. .-— — --- ——. — .— —.—..——- . ——— ---- _ .—..——--
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function snd its properties are discussed in detail in references 1
smd 10. The characteristic of @(m) of primary interest here is that

.

the mem-square value # of a stationary random time function is given

J

m ..’

by a2 = @(a)&u. Further, it has been demonstrated (ref. 10) that,
o

if a Linear physical system with the smplitude-response character-
istic T(m) is subjected to a random input with power spectral den-
sity @i(m), the s@em-response power-spectral density @o(u) is given

by

. O.(0) =

Indications are strong that,

m%i(al) (6)

at least under certain conditions, gust
velocities in atmospheric turbulence constitute an ergodic station&y
random process amd, as a consequence, may be represented by a power-
spectral density Qi(m). The form of Qi(m) used in this analysis is .

discussed in a subsequent section. If a@ is assumed to be known,

equation (6) may be used to determine the power spect+ UIo(u$ of the -.

atifrsme output-responsevariables where T(o) is replacedby any of
the smplitude-responsefunctions relating the airframe variables, such
as

in
is

Power Spectrum of Gust Velocity

The spectrum of turbulence used in this investigation is identical
general form with that used in reference 11. The form of this spectrum
given by

(7)

I

O@) _ 1+-3A-F
@i(o) (1+ L%2)2

.,.

where “

;d2L
~i(o) = —

a
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For sufficiently large values of IQ, the right-hand side of equation (7)
may be approximated by

(8L3)

This approximation may be tdsen to hold for values of I&l> P. For

values of LCl< P, equation (7) may be approximated by

( 8b)
@i(o)

As may be seen by reference to figure 3, the curves representing equa-
tions (8a) and (8b) exhibit no gross detiation from the curve representing
equation (7). It maybe shomby &Lrect integration of equations (7)
and (8) that the standard deviation of gust velocity yielded by the
approximation is less thsn 5 percent greater than that given by the
approximated function.

For the analysis contained herein, values of ~0 feet and
T83(ft/sec)2/mdians/ft for L and @i(0), respectively, representing

a condition of moderate turbulence at an altitude of kOO feet, are assumed
as in reference Xl. For the present analysis, these values are assumed
to hold at sea level.

By utilizing the above
so-called “break” frequency

Substitution of the assmed

yields the

values and the condition
GB. maybe fO@ tO have

values of L and @i(0)

approximate spectrum

IQ = fi, the
a vahe of 0.0058.

into equations (8)

@i(Q) = 783 0 <0< 0.0058

= 0.0261 o.oo58~ n. I
S)< J

or, in terms of the angulsr frequency m

@i(0) = 783/v 0< a< 0.0058V

= 0.0261v
$

0.0058VS m
}

(9a)

(9b)

— . . . ..—- -- . . .. . .. -.—— -.._. ——. — —..——.—— —.. . —c. . .. —.—. —_ -—.. —...
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In order to reduce time and increase ease of computation, the ap@?oxi-
mate spectrw of equation (g’b)is used in this analysis in preference to
the more complex form of equation (7).

If

Method of Obtain@ and Evaluating Output Spectra

equations (6) and (gb) are conibined,the equation

783
[(iJ

2
@o(m) = ~ T m 0< u)< 0.0058V

.

is obtained. Hence,

tiasmuch as the airframe is probably not sensitive to frequencies

.

,.

(lo)

greater
than m = 10QO for the range of flight conditions consiti-redand,-since

[1T(u)
2

the area under for m> 1000 is small compared with the srea
o

for m <1000, it appesrs plausible that equation (lo) may be rewritten
as ●

~= ~~0”005W&o)]2ti+ 0.0261V~~jW~(@2dU
.

(n)
.

——. _.. —._.
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.
The integrals involved in the right-hand side of equation (n) were
evaluated on the BelJ Telephone Laboratories x-667M relay computer at
the Langley Laboratory by utilizing the trapezoidal rule for approximate.
inte~atioh. These titegals were evaluated for each Mach
being replaced by each of the amplitude-responsefunctions

( )/ ‘O/vd, %lvd>to the transfer functiolis %0 + %0 vd,

/
b Vd. The values of these integ@ls

and the corresponding values of c%

Gain Adjustment of

In order that the values of u
be comparable over the range of Mach

were then substittied

and u calculated.

Rate-Gyro Servo

number, T(u))
corresponding.

I
eo vd, and

in equation (U)

for each control-system variable
numbers, the rate-gyro-servo static

sensit~tity KR was held at a constaut value of 4.44 for all Mach num-

bers. This value of KR is a near optimum value for the flight con-

dition M= 0.9. Near optimum values of KR for each flight condition.
were determined by a criterion based on the fo310wing reasoning: If the
airframe is viewed as a band pass filter, its conjunction with the rate-
gyro servo produces the control smtem which may also be viewed as a band
pass filter with greater band width, lower static sensitivity, and, for
some subset of the set of stable values of the rate-gyro-servo static
sensitivity, higher quadratic dampimg than the airframe alone. As a
consequence of these considerations, the control system, while admitting
more high-frequency components of the input than the airframj possesses
normal-acceleration output components, over the airframe pass band, of
lower amplitude than the.airframe output components. The conclusion to
be drawn from this line of reasoning is that the control-system output
time history will contain fewer maximum accelerations than that of the
airframe alone with a resultant value of the root-mean-squ.srenormal
acceleration that is lower for the control system than for the airframe
alone. Consequently, in the present analysis, that value of KR is

defined as optimm which produces the minimm control system ~ . It
o

can be demonstrated that this minimum is unique in the interval
O SKR <K%, where KRS is that ~ue of KR for which the control

system is marginally stable for a given flight condition.

Nesr optimum values of ~ were determined at each Mach number by

determining the control system UNO, utiiizing the method Of the ~eceu

section, over the entire

A value of u= nO was

range of stable KR to locate the minimum uNo.

used as the upper limit for the second integral

—.. . ... . . -.. .—-- .-e._ ——..—. .—-.————.-._=_ —..—— —.—. _.— . .
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of equation (U_) for these calculations, inasmuch as, for all Mach nm-

+NO: %’JO
hers, coincided with ‘Ofid for frequencies greater

Vd

“than CD= ylo.

l?lEHJL’l!SAND DISCIEX%ION

Effect of Vsriation of Rate-G~04erw Gain, KR

-e 4 e~bits the ~iati~ fith KR of the control-system

root-mean-square normal acceleration for each of the three Mach numbers
under consideration. The minha of these curves occur at
KR = 4.44, 5.0, and 6.66 deg/deg/sec for M= 0.9, 1.0, and 1.1, respec-

tively, with respective ~ from the KR = Omsximum reductions in u

(or uncontrolled) case of 16.8, 21.7, and 25.9 percent. me salient
feature exhibited by figure 4 is the comparative insensitivity of uNo

to chmges h KR over a broad range of this

example, in the M = 1.1 case, a VSJ.U of KR

tion in root-mean-square acceleration of 25.5

thus, only VerY slightly greater reduction ti

latter variable. For

= 4.4-4 produces a reduc-

percent of the KR = O value;

root-mesn-squsre accelera-
tion-is a&ieved by-use-of KR = 6.66

case.

It may also be observed in figure

instead of

4 that q.

KR = 4~4-4 for this

becomes slightly more

sensitive to changes h KR with increas@ Mach number; that is, the

minimum CN becomes slightly more sharply defined, although, in the
o

Mach number range consi~ed, this fact is of practically negligible
tiportance.

ChaU3es in Root-Meam-Squsre Values of eo, NO, ?31d ~ With

Mach lhmiberFor Fixed KR

.

“a

In figure 5 are presented the variatio~ tith M=h n~er of aN
o

Snd aeo for both the tiframe and the control system and the variation

—— —.
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KR= 4.44. The spectra

in figure 6. IIIfigure
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system. The control-systemvariatiou are for

corresponding to these variations are presented

~(a), the variations of aNO for the airframe

snd the control system are seen to have the ssme general trend with Mach
number, the control system having a aN averaging aboti 24 percent

o
lower than the ~. of the airframe. Observationof figure 6(a) will

point up the fact that this ~eduction in aNO is brought about through

a reduction in the power concent~ated about the airframe short-period
resonant frequency since the power spectra for the airframe and the con-
trol system differ little for frequencies weater than m= n.

It ehmldbe pointed out here that the peaks occ~~at ~ in

the control-system spectra do not correspond to quadratic natural fre-
quencies of the control system. The pronounced nature of these peaks
is due in the main to the fact that the approximate input gust spectrum
makes a shsxp break at ~. The effect of this sharp break is particularly

apparent in the b spectra of figure 6(c).

The variations of Ue for the airframe and the control system
o

shown in figure ~(b) indicate a ae for the control system which is,
o

on the average, about 74 percent less than that of the airframe. Refer-
ence to figure 6(b) indicates that, as with the .UNO case, this reduc-

tion is achieved through reduction of the spectral power of f30 in the

region about the airframe short-period natural frequency.

In order to check the accuracy of the approximate method of calcula-
tion of the various root-mean-square values, the fo~owing integral was
evaluated whose integrand is the product of the square of the modulus of
the airframe transfer function relating 00 to vd snd the exact form

of the input gust spectrum.

Cfeo=

‘,

.

P

()
}

1/2
~2

1+3—&
: V-2

[A (+c2-

)
@@+@l@&yb

.
(12)

----- ——- ------ . ..- .-. —---— —- .—— — —.——— . .—— — -——.—— -—------
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Values of aeO computed from this integra3-
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for each Mach nmber appesr .

in figure 5(b) as points connected by the broken curve. It would be
expected that the approximate values of ae~ would be smaUer than the A.

values calculated by eqpation (I-2),as is the case for M = O.9; however,
the increase with Mach nuniberin the difference between these two sets
of values may be explained by the fact that, with increasing Maqh nuniber~
the airframe short-period resonant peak lies closer and closer to the
break frequency ~ of the inpti gust spectrum. It is just this region

about ~ wherein the @eatest difference occurs between the exact and

approximate input gust spectra. However, in view of the sma13ness of
the difference between the approximate and exact values of Ueo, even

for M = 1.1, the methods,of the present investigation are felt to be
sufficiently accurate. Parenthetically, it may be noted here that in
the case of the UNO discussed previously the sxea under @N from

o
a=~toa= 1000 affected the values of ~ in only the fourth

o
or fifth decimal place so that the upper limit o = 1000 of the second .

integral of equation (U) could have been replaced by u= 300 or an
even smaller value without affectm the value of a noticeably.

.

l?i~e 5(c) presents the variation Ub with Mach number for a value

of KR= 4.4-4. The spectra corresponding to these cases are presented

in figure 6(c).’ Figure 5(c) indicates an ahmst linesr variation of ub

with Mach number, a maximum valueof a~= o.830 being achieved at

M= 1.1. As indicated previously, the peaks appearing in the approxi-
mate 5 spectra of figure 6(c) would not be as sharp in the true 5 spec-
tra. The peaks occmring in the b spectra near m= ~ =e due to the
rate-gyro servo. Although the region about this frequency is not shown
in figures 6(a) snd 6(b), the peaks near this frequency in the spectra
for No snd 6., for the control system, contribtie negligibly to the
-~ of UNO ‘d aeoo These peaks could be reduced considerably in

the case of the 5 spectra by utilizing a rate-gyro servo having a higher
natural frequency.

General Discussion

The comparatively good dmP3ng (E = 0.4-02 at M= 1.1) of the ~-
frsme short-period pitch response is reflected in the low maximmn values
of ON ~d ~eo Of the -m (o.18& and 0.m35°j respecti~e~~ at

o
M= 1.1). In view of the ms$gnitudeof these quantities, a question arises

.

CQNl%D~
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as to the necessary sensitivity of the rate-gyro.servo. In order to
obtain some idea of this sensitivity, the root-mean-square value of 60

for the airframe at M= 1.1 was calculated by means of an tite~al
similar to that in equation A. The value of cr~o obtained by this means

i?as (7;0= o.&O/~ece Obviously, the rate-gyro servo would have to respond

to pitching velocities considerably smaller in magnitude than this value.
As shown in the previous discussion, an average reduction, from the air-
frame case to the control-system case, in aeO of 74 percent is accompa-

nied by au average reduction in %o of 24 percent. These figures indi-

cate that, when the airframe is considered as a bombing platform whose
accv.racywould be adversely affected by pitching, the inclusion of pitch-
rate feedback is a highly effective means of increasing the stability of
this platform; however, from a standpoint of crew comfort which maybe
affected by normal acceleration, the reduction in dNo2 although appreci-

able, may not be sufficient. A discussion of these factors maybe found
in reference U_. A further reductionln UNO might be effected by

including a normal acceleration feedback loop in the present control
system.

CONCUEIONS

A theoretical investigationhas been made of the effects of auxiliary
pitch-rate damping on the longitudinal response of a transonic bomber con-
figuration h low-altitude flight through continuous rough air. On the
basis of the findings of the investigation,the following conclusions
may be stated:

(1) Inclusion of pitch-rate feedback in the airframe considered
produces a control system which experiences an average of 74 percent less
root-mean-square pitch and an average of 24 percent less root~mean-squsre
normal acceleration than the uncontrolled airframe in flight through con-
tinuous turbulence.

(2) Control-surfacedeflections necessary to produce these reductions
are not excessive, being less than 1° root mean square for the Mach num-
ber range considered.

(3) For stificiently large values of the rate-~o—servo static
sensitivity, the root-mean-square normal acceleration of the control
system is relatively insensitive to changes in this quantity, nesx

----- . . . . .. . . . — - .. ...- ...——.-—-— —. --— .— . .–..—— . .—— --— .——-.- —
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mininmm values of root-mean-square normal acceleration being achieved
for a wide range of stable values of this static sensitivity.

Langley Aeronautical Laboratory,
National Advisory Committee for Aeronautics,

Langley Field, Vs., Novwiber 9, 1954.
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